Abstract. In this paper we describe compactified universal Jacobians, i.e. compactifications of the moduli space of line bundles on smooth curves obtained as moduli spaces of rank 1 torsion-free sheaves on stable curves, using an approach due to OdaSeshadri. We focus on the combinatorics of the stability conditions used to define compactified universal Jacobians. We explicitly describe an affine space, the stability space, with a decomposition into polytopes such that each polytope corresponds to a proper Deligne-Mumford stack that compactifies the moduli space of line bundles. We apply this description to describe the set of isomorphism classes of compactified universal Jacobians (answering a question of Melo), and to resolve the indeterminacy of the Abel-Jacobi sections (a problem raised by Grushevsky-Zakharov).
Introduction
In this paper we study the problem of extending the universal Jacobian J d g,n over the moduli space of smooth n-pointed curves of genus g to a proper family over the moduli space M g,n of stable pointed curves. Recall that J d g,n is the moduli space of degree d line bundles on smooth curves. We extend it as a moduli space of sheaves. One extension of J d g,n is the moduli space Simp d g,n of all simple rank 1 torsion-free sheaves of degree d, but this extension fails to be proper. Indeed, while it satisfies the existence part of the valuative criterion of properness [Est01, Theorem 32], it is not proper because it fails to be separated and of finite type.
Rather than working directly with Simp we describe are the subspaces defined by choosing a set of multidegrees for each curve and taking the subspace of Simp d g,n parameterizing the sheaves with multidegree equal to one of the chosen multidegrees. Here the multidegree of a line bundle L on a reducible curve is the vector whose components are the degrees of the restrictions of L to the irreducible components of the curve. The problem of prescribing a collection of multidegrees with the property that the resulting subspace of Simp
In [OS79] Oda-Seshadri introduced, for a nodal curve C (and d = 0), the stability space V d (C) as the affine space of functions φ∶ {C i ⊂ C an irreducible component} → R such that ∑ φ(C i ) = d. For a nondegenerate φ ∈ V d (C) (i.e. a φ not lying in a certain locally finite collection of hyperplanes) they proved that the moduli space of φ-semistable sheaves, i.e. sheaves whose multidegree is sufficiently close to φ (in a sense that we make precise in Definition 4.1), is a proper subspace J C (φ) of the space of simple sheaves on C, which we call a (fine) φ-compactified Jacobian.
We extend Oda-Seshadri's approach to describe moduli spaces over M g,n . In Section 3 we construct a space V d g,n of stability conditions for the universal stable pointed curve. The affine space V d (C) associated to a nodal curve C depends only on the dual graph Γ C of C. Denoting by G g,n the set of isomorphism classes of stable n-marked graphs of genus g, we define
as the subspace consisting of those vectors φ = (φ(Γ) ∈ V d (Γ)) Γ∈Gg,n that satisfy a compatibility condition with respect to automorphisms and contractions of the dual graphs (see Definition 3.2 for details). For a nondegenerate φ ∈ V d g,n , we show that {φ-stable sheaves on stable curves} ⊂ Simp d g,n is a proper moduli space that we call a (fine) φ-compactified universal Jacobian J g,n (φ).
We give the precise definition of J g,n (φ) in Section 4. When φ is nondegenerate, we show in Corollary 4.4 that J g,n (φ) is a proper Deligne-Mumford stack, a result we deduce from Simpson's representability result [Sim94, Theorem 1.21].
The main result about the stability space is Theorem 1, where we describe V d g,n as the degree d subspace of the real relative Picard group of the universal curve. As a byproduct of that theorem, in Corollary 3.6 we prove that an element φ ∈ V d g,n is uniquely determined by its components φ(Γ) for Γ the dual graph of certain stable pointed curves with two smooth irreducible components and at most two nodes, so that in particular, two extensions J g,n (φ 1 ) and J g,n (φ 2 ) that coincide in codimension 2 must be equal.
The main contribution of this paper is the description in Section 5 of how the moduli spaces depend on φ. There we define φ 1 to be equivalent to φ 2 when φ 1 -stability coincides with φ 2 -stability. The equivalence classes are the interiors of rational bounded convex polytopes in V d g,n that we call stability polytopes. We then exhibit in Theorem 2 an explicit set of equations for the defining hyperplanes.
Theorem. For g ≥ 2 and N = N (g, n) the number of boundary divisors in M g,n , the decomposition of V g−1 g,n ≅ R N −1 × R n into stability polytopes is the product of the decomposition of R N −1 by integer translates of coordinate hyperplanes and the decomposition of R n by integer translates of the following hyperplanes
x i = 0 for = 0, . . . , 2g − 3, S ⊆ {1, . . . , n}.
This is Theorem 2 in the special case when d = g − 1. When d ≠ g − 1, the decomposition of V d g,n is similar but the hyperplanes are translated. The factors in the product decomposition correspond to two vector spaces C g,n and D g,n that we introduce in Definition 3.5.
The hyperplanes in (1) with = 0 are known as the resonance hyperplanes in the literature, so (1) defines a refinement of the resonance hyperplane arrangement. The above description of the stability polytopes should be compared with a similar description in [KP16] . There we carried out the analogous program for extensions of J g−1 g,n over the moduli stack of treelike curves M TL g,n ⊆ M g,n using an affine space V TL g,n analogous to V d g,n . As we explain in Remarks 3.11 and 4.5, V TL g,n is canonically isomorphic to C g,n . Theorem 2 shows a considerable increase in the combinatorial complexity when passing from the problem of extending J d g,n over M TL g,n to the problem of extending it over M g,n as the resonance hyperplane arrangement is more complicated than the arrangement of coordinate hyperplanes.
The difference between M TL g,n and M g,n is also demonstrated by the results in Section 6.2, where we describe how J g,n (φ) depends on φ ∈ V d g,n . Over treelike curves, we showed in [KP16] that, while changing φ ∈ V TL g,n changes the set of φ-stable sheaves, the Deligne-Mumford stack J g,n (φ) does not change. The situation over M g,n is different. We show Theorem. When M g,n is of general type, there exists nondegenerate φ 1 , φ 2 ∈ V g,n such that J g,n (φ 1 ) and J g,n (φ 2 ) are not isomorphic as Deligne-Mumford stacks. This is Corollary 6.17, and the result answers a question of Melo in [Mel16, Question 4.15] (see Remark 4.6 for a description of the relation of that work to this paper).
We deduce the result from Corollary 6.15 which states that, for all (g, n) with g > 0 except for those in the finite list (41), there exist nondegenerate φ 1 and φ 2 such that J g,n (φ 1 ) and J g,n (φ 2 ) are not isomorphic as Deligne-Mumford stacks over M g,n . In fact, in Section 6.2 we show that the isomorphism classes of J g,n (φ)'s, considered as stacks over M g,n , are in bijection with the quotient of the set P g,n of stability polytopes by the action of the generalized dihedral group PR g,n of the relative Picard group of the universal curve. From this analysis we also deduce that, for fixed (g, n), there are finitely many non-isomorphic J g,n (φ) for all d ∈ Z and all nondegenerate φ ∈ V d g,n .
In Section 6.1 we give a second application of our description of V 
is the closure of the locus of pointed curves (C, p 1 , . . . , p n ) that consist of two smooth curves meeting in k ≥ 2 nodes with the property that O C (d 1 p 1 + . . . + d n p n ) fails to be φ-stable.
This result extends earlier work of Dudin. In [Dud17, Section 3], Dudin proved that, for certain φ, the locus of indeterminacy of σ ⃗ d is contained in the closure of the locus of pointed curves that consist of two smooth curves meeting in k ≥ 2 nodes satisfying the above stability condition [Dud17, Proposition 3.3]. Thus the main new content of the above theorem is that the containment of the indeterminacy locus is in fact an equality. (For a detailed explanation of which J g,n (φ) Dudin studies, see the discussion immediately after [KP16, Corollary 5.4] and Remark 4.6.) The result can be described in terms of the degenerate vector
When φ is nondegenerate and sufficiently close to φ ⃗ d , our result states that the locus of indeterminacy is empty. For general φ, the rational map σ ⃗ d ∶ M g,n ⇢ J g,n (φ) has indeterminacy that we can resolve as follows. If φ 0 is nondegenerate and sufficiently close to φ ⃗ d , then J g,n (φ) is related to J g,n (φ 0 ) by a series of flips that correspond to the values of t ∈ [0, 1] such that tφ 0 + (1 − t)φ lies in the boundary of a stability polytope. Indeed, the moduli spaces J g,n (φ) are locally constructed using GIT (through our use of [Sim94] ), and the structure of these flips is described by Thaddeus in [Tha96] . The above theorem shows that the indeterminacy of σ ⃗ d is resolved by modifying J g,n (φ) by these flips. The relation of this result to the work of Grushevsky-Zakharov [GZ14] is complicated as they consider σ ⃗ d as a rational map into the extension of J 0 g,n given by Mumford's rank 1 degenerations, and this extension is different from, but related to, the J g,n (φ)'s. We discuss this relation in detail in Remark 6.8.
The reader is encouraged to also see David Holmes' preprint [Hol17] for another approach to analyzing the indeterminacy of the Abel-Jacobi section. Rather than modifying the target of the section (as we do in this paper), Holmes modifies M g,n to resolve the indeterminacy. He analyzes σ ⃗ d when ∑ d i = 0 and produces a morphism into the separated space J parameterizing multidegree 0 line bundles on stable curves. Holmes uses this resolution to study the double ramification cycle, a topic we do not study here.
This paper is organized as follows. In Section 2 we recollect background material on the moduli spaces of curves. In Section 2.1 we fix the notation for stable graphs, in Section 2.2 we define a notion of contraction, in Section 2.3 we discuss the stratification of M g,n by topological type and in Section 2.4 we describe the relative Picard group of the universal curve π∶ C g,n → M g,n . In Section 3 we introduce the universal stability space V d g,n and prove two results that describe it explicitly: Theorem 1 and Corollary 3.6. In Section 4 we define the stacks J g,n (φ) and prove that they are ksmooth Deligne-Mumford stacks when φ is nondegenerate. In Section 5 we introduce the stability polytope decomposition P g,n and prove Theorem 2, which gives an explicit description of the stability hyperplanes in the stability spaces V d g,n . In Section 6 we apply our results to resolve the indeterminacy of the Abel-Jacobi sections (Section 6.1) and to enumerate the different J g,n (φ) (Section 6.1). Section 7 is the Appendix, where we recollect some algebra lemmas needed in Section 6. 1.1. Conventions. We denote by [n] the set {1, . . . , n}. If S ⊂ [n], we write S c for [n] ∖ S. For a given subset S ⊂ [n] and f ∶ S → Z, we denote by f S the sum ∑ j∈S f (j). By δ 1,g we denote the Kronecker delta:
We work over a fixed algebraically closed field k of characteristic 0 throughout. A curve over a field Spec(k) is a Spec(k)-scheme C Spec(k) that is proper over Spec(k), geometrically connected, and pure of dimension 1. A curve C Spec(k) is a nodal curve if C is geometrically reduced and the completed local ring of C ⊗ k at a non-regular point is isomorphic to k[[x, y]] (xy). Here k is an algebraic closure of k.
A family of curves over a k-scheme T is a proper, flat morphism C → T whose fibers are curves. A family of curves C → T is a family of nodal curves if the fibers are nodal curves.
A family of rank 1 torsion-free sheaves over a family of curves C → T is a rank 1 sheaf F on C, flat over T , whose fibers over the geometric points are torsion-free.
If F is a rank 1 torsion-free sheaf on a nodal curve C with irreducible components C i , we define the multidegree of F by deg(F ) ∶= (deg(F C i )). Here F C i is the maximal torsion-free quotient of F ⊗ O C i . We define the (total) degree of F to be deg
is the arithmetic genus of C. The total degree and the multidegree of F are related by the formula deg
, where δ C (F ) denotes the number of nodes of C where F fails to be locally free.
2. Background 2.1. Graphs. A graph Γ is a tuple (Vert, HalfEdge, a, i) consisting of a finite set of vertices Vert, a finite set of half-edges HalfEdge, an assignment function a∶ HalfEdge → Vert, and a fixed point free involution i∶ HalfEdge → HalfEdge. The edge set is defined as the quotient set Edge ∶= HalfEdge i. The endpoint of a half-edge h ∈ Edge is defined to be v = a(h). A loop based at v is an edge whose two endpoints coincide.
A n-marked graph is a graph Γ together with a (genus) map g∶ Vert(Γ) → N and a (markings) map p∶ {1, . . . , n} → Vert(Γ). We call g(v) the genus of v ∈ Vert(Γ). If v = p(j), then we say that the j-th marking lies on the vertex v.
A subgraph Γ ′ of Γ is always assumed to be proper (Vert(Γ ′ ) ⊊ Vert(Γ)) and complete (for all v ′ ∈ Vert(Γ ′ ), if h ∈ HalfEdge(Γ) and a(h) = v ′ , then h ∈ HalfEdge(Γ ′ )). A subgraph of a n-marked graph is tacitly assumed to be given the induced genus and marking maps.
We say that a n-marked graph Γ is stable if it is connected (in the obvious sense, a bit tedious to write down), and if for all v with g(v) = 0, the sum of the number of half-edges with v as an endpoint plus the number of markings lying on v is at least 3.
′ and α HE ∶ HalfEdge → HalfEdge ′ that satisfy the compatibilities α HE ○ i = i ′ and α V ○ a = a ′ . If Γ and Γ ′ are endowed with structures of n-marked graphs by the maps (g, p) and by (g ′ , p ′ ) respectively, (α V , α HE ) is an isomorphism of n-marked graphs if it also satisfies the compatibilities α V ○ p = p ′ and α V ○ g = g ′ . An automorphism is an isomorphism of a graph to itself.
We fix once and for all a finite set G g,n of stable n-marked dual graphs of genus g, one for each isomorphism class.
2.2. Contractions. We will need a notion for contractions of stable graphs. This notion is ubiquitous in the literature of moduli of curves (see, for example [GP03, Appendix] , where contractions are key to giving an algorithmic description of the intersection product of tautological classes). Here we first introduce a strict contraction (of one edge), and then define a contraction to be a strict contraction followed by an isomorphism. Unlike in [GP03] and in other sources, with our terminology an isomorphism of graphs is not a particular case of a contraction.
If Γ is a n-marked graph and e ∈ Edge(Γ) is an edge, the strict (elementary) contraction of e in Γ is the graph Γ e where the half-edges corresponding to e are removed, the two (possibly coinciding) endpoints v 1 and v 2 of e are replaced by a unique vertex v e , and the genus and marking functions are extended to v e by p e (j) ∶= v e whenever p(j) equals v 1 or v 2 , and
) when e is not a loop, g(v 1 ) + 1 when e is a loop.
If Γ and Γ ′ are n-marked graphs, a (elementary) contraction c∶ Γ → Γ ′ is the choice of an edge e of Γ, and of an isomorphism of Γ e (the strict contraction of e in Γ) to Γ ′ . The contraction c is completely determined by the two maps it induces c V ∶ Vert(Γ) → Vert(Γ ′ ) (on vertices) and c HE ∶ HalfEdge(Γ) → HalfEdge(Γ ′ ) (on half-edges).
2.3. Moduli of curves. In this paper we always assume that g, n are natural numbers satisfying 2g − 2 + n > 0. Under this assumption, the moduli stack M g,n parameterizing families of stable n-pointed curves of arithmetic genus g is a k-smooth and proper Deligne-Mumford stack. We will denote by π∶ C g,n → M g,n the universal curve, and by ω π its relative dualizing sheaf. If (C, p 1 , . . . , p n ) is a stable pointed curve, we define its dual graph Γ C to be the nmarked graph whose vertices are the irreducible components of C, whose edges are the nodes of C, whose genus map is given by assigning the geometric genus to each vertex, and whose markings map is the assignment p∶ {1, . . . , n} → Vert(Γ C ) such that p(j) is the vertex containing p j .
For each Γ ∈ G g,n , the locus M Γ ⊂ M g,n of stable curves whose dual graph is isomorphic to Γ is locally closed. We are now going to fix a notation for some special stable graphs Γ (and their corresponding loci M Γ ), which will play an important role in this paper.
For all pairs (i, S) with 0 ≤ i ≤ g and S ⊂ [n], such that if i = 0 then S ≥ 2, and if i = g then S ≤ n − 2, we define Γ(i, S) to be the graph with two vertices of genera i and g − i connected by one edge with markings S and S c respectively. The closure of the locus M Γ(i,S) in M g,n is a divisor that we we will denote by ∆(i, S). In this paper we will assume (in summation formulas etc.) that the set of indices {(i, S)} for 0 ≤ i ≤ g and S ⊂ [n] satisfies the additional requirement that
We adopt this convention so that there is a bijection between the set of indices (i, S) and the set of boundary divisors ∆(i, S) whose inverse image in the universal curve C g,n → M g,n consists of two components.
When g ≥ 1 and n ≥ 1 + δ 1,g , for each j = 1 + δ 1,g , . . . , n we denote by Γ j the graph with two vertices of genera 0 and g − 1 respectively, connected by two edges, and with marking j on the first vertex and all other markings on the second vertex.
Another collection of curves that will play a crucial role in this paper, and that includes those discussed in the previous two paragraphs, consists of the so-called generalized dollar sign curves. These are by definition curves with two smooth irreducible components or, equivalently, curves whose dual graph has two vertices and no loops.
2.4. The relative Picard group of the universal curve. In this paper we will often need to work with the relative Picard group of the universal curve π∶ C g,n → M g,n , and with its affine subspaces of elements of fixed fiberwise degree. For this reason, we introduce the following definition/notation. Definition 2.1. We denote by
the relative Picard group of the universal curve π and by
the relative Picard group of real line bundles. For every d ∈ Z (resp. ∈ R), we let PicRel
be the affine subspace of PicRel g,n (Z) (resp. of PicRel g,n (R)) of elements of fiberwise degree d.
Let Σ j be the j-th section of the universal curve π∶ C g,n → M g,n , and ω π be the relative dualizing sheaf.
We make the following (canonical) choice for a base point in PicRel 
The choice of a base point makes PicRel Definition 2.2. For each pair (i, S) satisfying the assumptions of Section 2.3, we define C + i,S and C − i,S to be the two components of the universal curve π∶ C g,n → M g,n over the boundary divisor ∆(i, S). The component C + i,S is the one that contains the first marked point, and, when n = 0, it is the component of lowest genus. We define W g,n to be the subgroup of PicRel 0 g,n (Z) generated by the line bundles O(C + i,S ). For j = 1 + δ 1,g , . . . , n, define the twisted sections
(When g = 0 we have intentionally defined no twisted sections).
Fact 1. The group PicRel g,n (Z) is freely generated (1) by the components O(C + i,S ) over the boundary divisors when g = 0, (2) by the components over the boundary divisors and by the first section Σ 1 (or by any other section) when g = 1,
(3) by the components over the boundary divisors, by the relative dualizing sheaf ω π and by all sections Σ 1 , . . . , Σ n when g ≥ 2.
Proof. As observed in [AC87] , rational and homological equivalence coincide in the Picard group of M g,n , so H 2 (M g,n ) coincides with Pic(M g,n ). Identify the universal curve π∶ C g,n → M g,n with the map forgetting the last point and stabilizing π∶ M g,n+1 → M g,n . On M g,n+1 choose the generators indicated in [AC98, Theorem 2.2]. Under this identification, the relative dualizing sheaf ω π becomes κ 1 + ψ 1 + . . . + ψ n and each section Σ j becomes the boundary divisor ∆(0, {j, n + 1}). Then use the right hand side of the equalities in [AC98, Lemma 1.2] to eliminate redundant generators. When g ≤ 2, use the relations indicated in (c) and (d) of [AC98, Theorem 2.2] to get rid of the relative dualizing sheaf, and of the sections.
By singling out the degree zero elements, we deduce the following corollary. In particular, when either g = 0 or n = 0, the group PicRel 0 g,n (Z) coincides with W g,n .
The universal stability space
In this section we construct and study the stability R-vector space V g,n , whose affine subspaces V d g,n of elements of total degree d ∈ Z are the stability spaces of φ-compactified universal Jacobians over M g,n , which we will construct in Section 4.
In [KP16, Section 3] we introduced a similar stability space, which we called V TL g,n : the stability space of degree φ-compactified universal Jacobians of degree g −1 over moduli of treelike curves. For more details on V TL g,n and its relation to the space V g−1 g,n we introduce here, we direct the reader to Remarks 3.11 and 4.5.
Our main result is Theorem 1, which describes the stability space V g,n as the real relative Picard group of the universal curve π∶ C g,n → M g,n . An important by-product is Corollary 3.6, where we show that, for fixed d, every degree d stability parameter is uniquely determined by its restriction to all stable curves with two smooth irreducible components that (1) have precisely one separating node, and (2) have two nodes and one component of genus 0 that carries a unique marked point (the curves whose dual graph is Γ(i, S) or Γ j respectively, see Section 2.3). In order to make the statement of our main result more transparent, in this section we allow d to be a real number.
Definition 3.1. Given Γ ∈ G g,n a stable n-marked graph of genus g, we denote by V (Γ) ∶= R Vert(Γ) the free rel vector space generated by the vertices of Γ. For d ∈ R, the affine subspace
is automorphism invariant if for every Γ ∈ G g,n , the component φ(Γ) of φ along Γ is automorphism invariant in the sense just defined.
Suppose that c∶ Γ 1 → Γ 2 is a contraction of stable marked graphs as defined in Section 2.2. We say that φ(
for all vertices v 2 ∈ Vert(Γ 2 ). An element φ ∈ Π Γ∈Gg,n V (Γ) is compatible with contractions if its components are c-compatible for every contraction c∶ Γ 1 → Γ 2 .
Definition 3.2. We define V g,n to be the subspace of ∏ Γ∈Gg,n V (Γ) of vectors that are automorphism invariant and compatible with contractions.
to be the affine subspace of vectors φ ∈ V g,n that satisfy
Remark 3.3. We could have equivalently defined V If π∶ C g,n → M g,n denotes the universal curve, there is a natural multidegree homo-
is the multidegree of L on any stable pointed curve whose dual graph is isomorphic to Γ.
There is a natural choice of a basepoint in V d g,n that mirrors the basepoint we chose in Section 2.4 for the relative Picard group. Definition 3.4. We define the canonical parameter as follows
In order to state the main result of this section, we first observe that for every L ∈ Pic(M g,n ), the stability parameter deg(π * (L)) ∈ V g,n is trivial, so the multidegree map descends to a well-defined map deg∶ PicRel g,n (Z) → V g,n .
Theorem 1. The multidegree homomorphism deg induces an isomorphism
from the relative Picard group of real line bundles to the stability space.
Before we prove Theorem 1, we now give another description of the stability spaces that will be the one we will mostly use in this paper. To this end, we make the following definition.
Then define:
(1) The vector space C g,n is the quotient space of T g,n obtained as the direct sum of all V 0 (Γ(i, S)) (see Section 2.3 for the definition of Γ(i, S)).
(2) The vector space D g,n is the quotient space of T g,n obtained as the direct sum of all V 0 (Γ j ) for j = 1 + δ 1,g , . . . , n (see Section 2.3 for the definition of Γ j . In particular, D 0,n = {0}).
There is a natural restriction map ρ∶ V 0 g,n → T g,n . More generally, for every d ∈ R, there is a natural map Corollary 3.6. The composite homomorphism
We now aim to prove Therem 1 and Corollary 3.6. Here is the idea of our proof when g ≥ 2. It is not hard to reduce both results to proving that, in degree zero, both maps
by computing the bidegree of the free generators of the Picard group on curves whose dual graph is Γ(i, S) and Γ j (Lemma 3.7), and observing that the resulting matrix is nonsingular. From this we immediately deduce that PicRel 0 g,n (R) → C g,n ⊕ D g,n is an isomorphism, because the source and the target have the same dimension. Our results follow if we can prove that PicRel
This is the content of Proposition 3.10, which we prove inductively in n. An important intermediate step is Lemma 3.8, where we show that V 0 g,n → T g,n is also injective. The base case of the induction n = 0 is settled by combining Lemma 3.8 and Lemma 3.9
We now compute the bidegree of the free generators we chose in Corollary 2.3 for the relative Picard group PicRel 0 g,n (Z) on the special dollar sign curves appearing in parts (1) and (2) of Definition 3.5. When ordering the two components of the curve, we follow the same convention that we chose in Definition 2.2 to order the two components C + i,S and C − i,S of the inverse image of ∆ i,S in the universal curve. Lemma 3.7. The bidegrees of the components O(C + i ′ ,S ′ ) and of the twisted sections T k on curves whose dual graph is Γ(i, S) and Γ j is given by the following formulas:
Proof. Straightforward.
Combining Lemma 3.7 with Corollary 2.3 we deduce that rational and numerical equivalence are equivalent in PicRel 0 g,n (Z), and from this we deduce that the composite
An important fact that we will use throughout is that every element φ ∈ V 0 g,n is completely determined by its value over all curves with two smooth irreducible components (the generalized dollar sign curves, see Section 2.3 and Definition 3.5).
Lemma 3.8. The restriction ρ∶ V 0 g,n → T g,n is injective. Proof. Let Γ ′ ∈ G g,n be a stable graph. By applying compatibility with contractions we can assume without loss of generality that Γ ′ has no loops. Then consider a spanning tree Γ of Γ ′ , and run the injectivity part of the proof in [KP16, Lemma 3.9], with the only difference being that the right hand side of [KP16, Equation (15)] should equal zero.
Lemma 3.9. Let φ ∈ V 0 g,0 and Γ ∈ G g be a graph with two vertices connected by ≥ 2 edges. Then φ(Γ) is trivial.
Proof. We begin by fixing the notation for loopless graphs with two vertices and at least two edges, when n = 0. Let α, i, j ∈ N such that α + i + j − 1 = g, α ≥ 2 and subject to the stability condition min(i, j) = 0 ⇒ α ≥ 3. Define the stable graph Γ(α, i, j) ∈ G g to consist of two vertices v 1 , v 2 of genera i and j respectively, with α edges connecting v 1 to v 2 . We aim to prove that φ(Γ(α, i, j)) = (0, 0).
We first prove our claim in the special case when j = 0 (so 3 ≤ α = g + 1 − i). Consider the trivalent graph GSym g that has 2g − 2 vertices v 1 , . . . , v 2g−2 of genus 0, where each vertex v i is connected to v i−1 , v i+1 and v i+g−1 (here indices should be considered modulo 2g − 2). The cyclic group of order 2g − 2 acts on GSym g and its induced action on the set of vertices Vert(GSym g ) is transitive. By automorphism invariance, the component
Choose 2g − α consecutive vertices of GSym g and contract them to one vertex, possibly contracting all loops based at that vertex in the process. Then also contract the complement set of α−2 vertices of GSym g to a second vertex and contract all loops based at that vertex. The resulting graph is isomorphic to Γ(α, i, 0) and by compatibility with contractions we have that the Γ(α, i, 0)-component of φ ∈ V 0 g,0 is trivial, thus proving the claim in the case j = 0.
We now deduce that the Γ(α, i, j)-component of φ is zero for all α, i, j by using contractions to relate Γ(α, i, j) to a graph of the form Γ(β, k, 0), specifically the graph Γ(α + 2j − 2, i − j + 2, 0).
Assume without loss of generality that i > j. Consider the graph with 4 vertices w 1 , w 2 , w 3 , w 4 where w 1 and w 2 have genus j, and w 3 and w 4 have genus 0. The vertices w 1 and w 2 are connected by α − 1 edges; w 1 is connected to w 3 by one edge, and so is w 2 to w 4 . Finally, w 3 and w 4 are connected by i − j + 1 edges. By invariance under automorphism, the component of φ ∈ V 0 g,0 along this graph equals (a, a, −a, −a) for some a ∈ R.
Contracting the vertices w 1 , w 2 and w 4 to a single vertex and then contracting all remaining loops on it, produces a graph isomorphic to Γ(α + 2j − 2, i − j + 2, 0). Because we have already computed that the component of φ along this graph is trivial, we deduce that a = 0.
Contracting the vertices w 1 , w 3 and w 4 to a single vertex and then contracting all remaining loops on it, produces a graph isomorphic to Γ(α, i, j), so by compatibility with contractions the component φ(Γ(α, i, j)) is also trivial, and the statement is proven.
The following is the key part of the proof of the main result of this section.
Proposition 3.10. Both the multidegree homomorphism
and the composition
Proof. In Lemma 3.7 we computed the bidegrees of all generators of PicRel 0 g,n (Z) given in Corollary 2.3 against curves whose dual graph is Γ(i, S) and Γ j . The corresponding square matrix is nonsingular: it consists of four blocks (6) (7) (8) (9) , where (6) is the identity, (7) is the zero matrix and (9) is (2g −2+δ 1,g ) times the identity. Combining this with Corollary 2.3, we deduce that the composite map
is an isomorphism. Because of this, both claims of this proposition follow by proving that
injective. The g = 0 case is easily settled. We have that T g,n = C g,n , so (13) follows immediately from Lemma 3.8.
From now on we assume g ≥ 1 and we aim for proving (13). We simplify the problem by quotienting out the images of the space W g,n ⊗ R via deg and via
Applying parts (6) and (7) of Lemma 3.7, we deduce that the image via
By (12) we know that p D ○ ρ∶ Ker g,n → D g,n is surjective. For these reasons, to prove (13) it is enough to prove the inequality (14) dim(Ker g,n ) ≤ n − δ 1,g .
(A posteriori, (14) will be an equality.) We will prove Inequality (14) inductively in n.
When g = n = 1 it is straightforward to check that V 0 1,1 = {0}. When g ≥ 2, the n = 0 case of (14) follows from Lemma 3.9, which implies that (p C ⊕p D )○ρ = p C ○ρ is injective.
From now on, we apply the induction hypothesis. Assuming (14) holds, we aim to prove it holds for n + 1, i.e.
Define the subspace K g,n+1 ⊆ Ker g,n+1 as the subspace of vectors φ ∈ Ker g,n+1 such that φ(Γ)(v) equals zero for all Γ ∈ G g,n and v ∈ Vert(Γ) such that v becomes unstable after forgetting the last marking n + 1. To prove (15) it is enough to prove the two inequalities
We first prove the inequality dim(Ker g,n+1 ) ≤ dim(K g,n+1 )+1. By applying Lemma 3.8 again, we identify Ker g,n+1 with a subspace of T g,n+1 , and observe that K g,n+1 contains (a posteriori, it will coincide with) the codimension-1 subspace of Ker g,n+1 of vectors φ whose component φ(Γ n+1 ) is trivial (for Γ n+1 defined in Section 2.3).
We prove the inequality dim(K g,n+1 ) ≤ dim(Ker g,n ) by showing the existence of a surjective linear map λ∶ Ker g,n → K g,n+1 , which we define as follows. Let Γ ∈ G g,n+1 and Γ ′ ∈ G g,n be obtained from Γ by forgetting the last marking and possibly by stabilizing. If φ ∈ Ker g,n , then λ(φ) is defined to equal φ on all vertices of Γ that correspond bijectively to vertices of Γ ′ , and 0 on the extra vertex (if any). Because φ is automorphisminvariant and compatible with contractions, so is λ(φ). Because φ ∈ Ker g,n , and because of the very definition of λ, we have that λ(φ) ∈ K g,n+1 . Again by its very definition, λ∶ Ker g,n → K g,n+1 is surjective (a posteriori, it will be an isomorphism). This concludes our proof.
From Proposition 3.10 we easily deduce Theorem 1 and Corollary 3.6. Proof. (Of Corollary 3.6) By Proposition 3.10 we have that the projection
This concludes our proof. We conclude the section with some remarks on our Theorem 1. By Corollary 3.6 we also have that if ψ ∈ V TL g,n , the preimage q −1 (ψ) can be identified with D g,n .
Remark 3.12. By Lemma 3.8 the restriction map V 0 g,n → T g,n is injective, and in Corollary 3.6 we have made a choice of a subset Q of the set of 2-vertices loopless graphs such that the restriction map V 0 g,n → ∏ Γ∈Q V 0 (Γ) is a surjection. We claim that if Q is any such subset of the set of 2-vertices loopless graphs, then Q must contain all Γ(i, S). Indeed as a consequence of Equation (6) we have that W g,n → V 0 g,n is injective. Moreover, similar to what was seen in Equation (7), the bidegree of all elements of W g,n on curves with two smooth components and at least two nodes is trivial. It follows that the restriction map V 0 g,n → ∏ Γ∈Q V 0 (Γ) would not be surjective, were Q not to contain some of the Γ(i, S).
In this sense, choosing all graphs Γ(i, S) in Definition 3.5 is natural. On the other hand, choosing all graphs Γ j in loc. cit. is arbitrary -one could have opted for another choice of n − δ 1,g loopless graphs with two vertices and at least two edges.
Compactified universal Jacobians
For all nondegenerate φ ∈ V d g,n we construct φ-compactified universal Jacobians J g,n (φ) as k-smooth, proper Deligne-Mumford stacks that are flat over M g,n . Theorem 1 implies that all such universal Jacobians can be constructed from Simpson's result [Sim94, Theorem 1.21]. We start by reviewing the notion of (Oda-Seshadri) φ-stability on a single curve.
Let (C, p 1 , . . . , p n ) be a stable pointed curve with dual graph Γ and C 0 ⊂ C be a subcurve (i.e. the union of some of the irreducible components of C) with dual graph Γ 0 ⊂ Γ. We write deg 
0 such that the stalk of F at p fails to be locally free. Definition 4.1. Given φ ∈ V d (Γ), we define a rank 1 torsion-free sheaf F of degree d on a nodal curve C k over an algebraically closed field to be φ-semistable (resp. φ-stable) if
for all proper subgraphs Γ 0 ⊂ Γ. We define φ ∈ V d (Γ) to be nondegenerate if every φ-semistable sheaf is φ-stable.
g,n we say that a family of rank 1 torsion-free sheaves of degree d on a family of nodal curves is φ-(semi)stable if Equation (17) holds on all geometric fibers. We define J pre g,n (φ) to be the category fibered in groupoids whose objects are tuples (C, p 1 , . . . , p n ; F ) consisting of a family of stable n-pointed curves (C T, p 1 , . . . , p n ) of genus g, and a family of φ-(semi)stable rank 1 torsion-free sheaves For every object (C, p 1 , . . . , p n ; F ) of J pre g,n (φ)(T ) the rule that sends g ∈ G m (T ) to the automorphism of F defined by multiplication by g defines an embedding G m (T ) → Aut (C, p 1 , . . . , p n ; F ) that is compatible with pullbacks. The image of this embedding is contained in the center of the automorphism group, so the rigidification stack is defined, and we call this stack the φ-compactified universal Jacobian J g,n (φ).
Theorem 1 implies that, for all nondegenerate φ's, the φ-compactified universal Jacobian can be given the structure of a proper Deligne-Mumford stack using Simpson's formalism, as we are now going to show.
Let (C, p 1 , . . . , p n ) ∈ M g,n and A, M ∈ Pic(C) with A ample, and let a (respectively m) be the total degree of A (respectively of M ). In [KP16, Formula 10] we observed that if φ(A, M ) is defined by the formula
and F is any rank 1 torsion-free sheaf of degree d on C, then F is φ-(semi)stable if and only if F ⊗ M is slope (semi)stable (in the sense of slope/Gieseker-stability) with respect to A. In [CMKV15, p.10], the authors proved that for every φ ∈ V d (Γ C ) there exist A, M as above such that φ = φ(A, M ). Reasoning in the same way, and employing Theorem 1, we can prove that the same holds over M g,n .
Corollary 4.3. Let φ ∈ V d g,n . Then there exist line bundles A, M on the universal curve C g,n → M g,n with A ample relative to M g,n such that, for every stable curve (C, p 1 , . . . , p n ), a rank 1 torsion-free sheaf F of degree d on C is φ-semistable if and only if F ⊗ M is A-(semi)stable.
Proof. We first observe that we can reduce to the case when φ has rational coefficients. In order to do that, we claim that for all φ ∈ V d g,n there exists φ ∈ V 0 g,n such that (φ + φ ) has rational coefficients, and φ-(semi)stability is equivalent to (φ + φ )-(semi)stability. This follows immediately from Theorem 2, a result we prove later in Section 5, which in particular asserts that the locus of degenerate φ's in V d g,n consists of a locally finite union of hyperplanes.
Define M ∶= ω π (p 1 + . . . + p n ) −k for k >> 0 a sufficiently large integer such that the inequality
holds for all (C, p 1 , . . . , p n ) ∈ M g,n and for all vertices v of Γ C . That such k exists follows from the fact that ω π (p 1 + . . . + p n ) is ample relative to M g,n , from the fact that the multidegree of a line bundle on C g,n is the same for curves with the same dual graph, and from the fact that the set of dual graphs G g,n is finite.
For simplicity, denote by m the total degree of M . For any integer e, the parameter ψ ∈ V e g,n defined by
has rational coefficients (because φ does), and so by Theorem 1 it is equal to deg(A) for some rational line bundle A ∈ PicRel e g,n (R)
For all (C, p 1 , . . . , p n ) ∈ M g,n we have then φ(Γ C ) = φ(A, M )(Γ C ), where the latter is defined by Formula (18), and this concludes our proof. Following existing literature we will refer to J g,n (φ) as a fine φ-compactified universal Jacobian. The authors expect that when φ is degenerate J g,n (φ) can naturally be given the structure of an Artin stack. Moreover, Corollary 4.4 describes all proper extensions of φ-compactified universal Jacobians from moduli of treelike curves (see Remark 3.11) to moduli of stable curves. In [KP16] we have already observed ([KP16, Lemma 3.26, 3.32]) that when n ≥ 1, for every nondegenerate ψ ∈ V TL g,n there exists a nondegenerate φ ∈ V g−1 g,n such that q(φ) = ψ. For each nondegenerate φ ∈ q −1 (ψ) we have now constructed an extension of
We observed in Remark 3.11 that the preimage q −1 (ψ) can be identified with D g,n . In (26) we will give explicit hyperplanes describing when a given element of D g,n is degenerate.
Remark 4.6. Esteves constructed in [Est01] the compactified Jacobian of a family of reduced curves over a scheme. Building on his work, Melo constructed the corresponding compactified universal Jacobians over M g,n in [Mel16] .
In their formalism, a compactified universal Jacobian in degree d is is defined in terms of a (universal) d-polarization, which is defined to be a vector bundle E of rank r and degree r(d + 1 − g) on the universal curve π∶ C g,n → M g,n . We claim that, for rank 1 torsion-free sheaves of degree d, the notion of E-(semi)stability of Esteves-Melo [Mel16, Definition 2.9] coincides with the notion of φ(E)-(semi)stability that we gave in Definition 4.1 after posing
The claim follows immediately by observing that, because the total degree is fixed, the lower bound for deg C 0 (F ) of [Mel16, Inequality 2.1] on all subcurves C 0 of C is equivalent to Inequality (17) involving deg Γ C 0 (F ) on all proper subgraphs Γ C 0 ⊂ Γ C . As a consequence of our claim, when φ(E) is nondegenerate, J g,n (φ(E)) and Melo's moduli stack J E,ss g,n are isomorphic as Deligne-Mumford stacks over M g,n . Formula (21) shows that every d-polarization E can be translated into a φ-stability condition. We deduce the converse as an easy consequence of Theorem 1. We only discuss the case when g ≥ 2 (the remaining cases are similar and easier).
For a given φ ′ ∈ V d g,n , Theorem 1 implies that there exist L ∈ Pic 0 (C g,n ) and N ∋ e >> 0 such that
Defining the d-polarization by
we have that φ ′ = φ(E), and this completes the proof of our claim.
The stability hyperplanes and polytopes
In this section we describe how φ-stability depends on φ. The stability space V d g,n naturally decomposes into stability polytopes defined by the property that two stability parameters define the same set of stable sheaves if and only if they lie in a common polytope. The main result is Theorem 2, which explicitly describes the hyperplanes that define the stability polytopes in terms of the description of the stability space given in Corollary 3.6. One consequence of this description is that every stability polytope in V d g,n is a product of a polytope in C g,n and of a polytope in D g,n . To begin, we recall some notation from [KP16, Section 3.2].
We say that a subgraph Γ 0 ⊂ Γ is elementary if both Γ 0 and its complement Γ c 0 are connected. (The vertex set of an elementary subgraph is an elementary cut in the sense of [OS79, page 31].) We now define the combinatorial objects that control stability of rank 1 torsion-free sheaves on a stable pointed curve whose dual graph is Γ.
Definition 5.1. Let Γ be a stable marked graph. To a subgraph Γ 0 ⊂ Γ and an integer k ∈ Z we associate the affine linear function
When Γ 0 ⊂ Γ is an elementary subgraph we call the hyperplane 
is nondegenerate, we write P(φ 0 ) for the unique stability polytope in V d (Γ) that contains φ 0 . By definition we have
The stability polytope P(φ 0 ) is a rational bounded convex polytope because in Equation (24) only finitely many (Γ 0 , k)'s are needed to define P(φ 0 ). Assume φ 1 , φ 2 ∈ V (Γ) are nondegenerate. As a consequence of [KP16, Lemma 3.20] we have that φ 1 -(semi)stability coincides with φ 2 -(semi)semistability if and only if P(φ 1 ) = P(φ 2 ). (The fibers J C (φ 1 ) and J C (φ 2 ) of the moduli stacks J g,n (φ 1 ) and J g,n (φ 2 ) over a geometric point (C, p 1 , . . . , p n ) ∈ M g,n whose dual graph is Γ parameterize different set of sheaves.) In [KP16, Example 3.21] we showed that this would no longer be true if in Definition 5.1 the elementary condition for the subgraphs was dropped.
The simplest nontrivial examples of this stability decomposition occur when C consists of two components.
Example 5.2. (φ-stability on generalized dollar sign curves). Suppose that C is a nodal curve consisting of two smooth irreducible components of genus i and j connected by α nodes. Its dual graph Γ(α, i, j) has two vertices of genus i and j connected by α edges. The degree d stability space V d (Γ) is the line in the plane V (Γ) consisting of points with coordinates summing to d. The stability hyperplanes in V d (Γ) are the points whose coordinates are integers when α is even, and are the points whose coordinates are 1 2 plus an integer when α is odd, as follows from Definition 5.1. The stability polytopes are segments. If φ belongs to the relative interior of one such segment, the number of bidegrees of line bundles that are φ-stable equals α. The stable bidegrees are those that are closest (in the obvious sense) to φ. If φ varies from the relative interior of a segment to a wall, the stable bidegree furthest away from that wall becomes strictly semistable as does the nearest unstable bidegree.
We now define the analogous objects for V Definition 5.3. For Γ a stable marked graph, Γ 0 ⊂ Γ an elementary subgraph, and k ∈ Z an integer, we call the subset and the stability polytope decomposition of V d g,n is defined to be the set of all stability polytopes.
We define P g,n to be the set of stability polytopes of V d g,n for all d ∈ Z.
As it was the case for V d (Γ), the stability polytopes of V d g,n are rational bounded convex polytopes.
Note that in Definition 5.3 we are abusing the term "hyperplane", as it may a priori happen that H(Γ, Γ 0 , k) = V d g,n or that H(Γ, Γ 0 , k) = ∅. In fact, this can only happen when n = 0, and the examples of this phenomenon are discussed in Remark 5.9.
It follows from Lemma 3.8 that a stability parameter φ ∈ V d g,n is uniquely determined by its restriction to all loopless graphs with two vertices. We now prove analogous statements about stability hyperplanes and polytopes. Corollary 5.5. Let F be a family of rank 1 torsion-free sheaves of degree d on the universal curve C g,n → M g,n , and let φ ∈ V d g,n . If the restriction of F to the locus of curves with at most two smooth irreducible components is φ-(semi)stable, then F is φ-(semi)stable.
As another corollary of Lemma 5.4, we obtain the following partial description of the set of stability polytope decomposition of V d g,n .
Corollary 5.6. Given a stability polytope P(Γ) ⊂ V d (Γ) for every loopless 2-vertex stable graph Γ, there is at most one stability polytope P ⊂ V d g,n such that the Γ-component of P equals P(Γ) for all Γ.
Using the results of Section 3, we will now write down the stability hyperplanes in V 
In order to define the stability hyperplanes of C g,n , denote by (α i,S , −α i,S ) the component ψ(Γ(i, S)) of each element ψ ∈ C g,n . For each triple (i, S, k) with (i, S) as in Section 2.3 and k ∈ Z, we define the hyperplane H(i, S, k) in C g,n by the equations
when g ≤ 1.
(These are the translations, depending on d, of the integer translates of the coordinate hyperplanes). When g ≥ 1, to define the stability hyperplanes of D g,n , for each element ψ ∈ D g,n we denote by (x j , −x j ) the component ψ(Γ j ) for j = 1 + δ 1,g , . . . , n. For each triple ( , S, k) with 0 < ≤ 2g − 2 + δ 1,g , S ⊆ [n] and k ∈ Z (excluding the "unstable" case = 2g − 2 + δ 1,g , S = [n]), we define the hyperplane H( , S, k) in D g,n by the equation
The following explicit description of the stability polytope decomposition of each degree d stability space follows from Corollary 5.6 and from a direct calculation. can , and assume that the latter is uniquely determined by ψ(Γ(i, S)) = (α i,S , −α i,S ) and ψ(Γ j ) = (x j , −x j ). Then the component of φ along Γ(i, S) equals
By Example 5.2 with α = 1, the stability hyperplanes on curves whose dual graph is Γ(i, S) are obtained by equating the first component to 1 2 plus an arbitrary integer. This gives the set of stability hyperplanes of C g,n that we defined in (25). For Γ = Γ(α, i, S) an arbitrary loopless graph with two vertices of genus i and g−α+1−i and with markings S and S c respectively, connected by α ≥ 2 edges, we now compute the Γ component ψ(Γ). To do so, we apply Formulas (6), (7), (8) and (9) and invert the corresponding matrix, to find out that
Translating back by φ d can , the Γ component φ(Γ) equals:
By Example 5.2, the stability hyperplanes on curves whose dual graph is Γ(α, i, S) are obtained by equating to an integer k (resp. to a half-integer k + 1 2 ) each component of (28) when α is even (resp. α is odd). Equation (26) for the hyperplanes of D g,n is then deduced by replacing ∶= 2i − 2 + α.
Remark 5.7. When = 2g − 2 + δ 1,g , the hyperplanes H( , S, k) of D g,n ≅ R n−δ 1,g ∋ (x 1+δ 1,g , . . . , x n ) are independent of d, and have the form
These hyperplanes, when k equals zero, are known in the literature as the resonance hyperplanes, see [CJM11] and [SSV08] . For each d ∈ Z, the hyperplane arrangement of D g,n described by Equations (26) is therefore a refinement of the integer translates of the resonance hyperplane arrangement. (These two arrangements are in fact equal when g = 1). Further, we observe that for any d ∈ Z, the map x i ↦ x i +(2g−2) respects the collection of stability hyperplanes (26) of D g,n . A fundamental domain for these translations is any n − δ 1,g dimensional cube of edge length (2g − 2), and the hyperplane arrangement (26) naturally defines a hyperplane arrangement on the torus obtained by identifying the opposite faces of the cube. (Z). Further to that, we observe that for any (d 1 , . . . , d n ) ∈ Z n , the affine endomorphism
respects the hyperplanes (25) and (26). This fact will play an important role in the next section, for example in Lemma 6.10.
In light of Remarks 5.7 and 5.8, in Figures 1 and 2 we give a picture of the 2-dimensional stability spaces D g,n when g ≤ 3.
Some important concluding remarks are in order.
Remark 5.9. Here we analyze more explicitly the content of Theorem 2 when n equals zero. In this case we have D d g,0 ≅ {0}, and from Equation (26) we derive the condition for the trivial vector space not to coincide with a hyperplane:
In other words, a fine φ-compactified universal Jacobian of degree d on M g exists if and only if Condition (29) holds. It is elementary to check that Condition (29) is equivalent to the condition that d + 1 − g and 2g − 2 have no nontrivial common divisors: Remark 5.11. The stacks J g,n (φ) are related to the compactified universal Jacobians constructed by Caporaso [Cap94] and by Pandharipande [Pan96] . We will focus on Pandharipande's work as that work is closest to the present paper. Pandharipande constructed a scheme P d g together with a natural transformation from the functor of isomorphism classes of objects of J g,0 (φ can ) to P 
Applications
In this section we apply our earlier results in two ways. We study the problem of extending the sections of the forgetful map J d g,n → M g,n , and the problem of finding different isomorphism classes of fine φ-compactified universal Jacobians.
For fixed integers
. This section is sometimes called an Abel-Jacobi section. These are the only rational sections of the forgetful map J d g,n → M g,n from the universal Jacobian of degree d to the moduli space of smooth pointed curves, by the following result, which motivates Section 6.1. Fact 2 implies the following result on birational maps of universal Jacobians, which motivates Section 6.2.
Corollary 6.1. Let α∶ J e 1 g,n ⇢ J e 2 g,n be a birational map that commutes with the forgetful maps to M g,n . Then there exist
such that α is defined by the rule
Proof. The case n = 0 is due to Caporaso, see [BFV12, Theorem 7.2] . From now on in this proof we assume n ≥ 1.
By applying a translation automorphism, it is enough to prove the claim when e 1 = e 2 = 0, so α is a birational automorphism of J 0 g,n that commutes with the forgetful map. In this case, consider the birational automorphism β of the generic Jacobian J 0 C that α induces. Because the locus of indeterminacy is covered by rational curves and a Jacobian variety cannot contain any rational curve, β is in fact an automorphism of J 0 C . Furthermore, β must preserve the principal polarization because the Néron-Severi group of J 0 C is cyclic for a very general C by [BL92, Corollary 17.5.2] and because Θ C is the unique generator of the Néron-Severi group of J 0 C that is ample. We conclude using a version of the Torelli theorem [Mil86, Theorem 12 .1] that implies that β must lie in the group generated by translations and the involution L ↦ L −1 . By Fact 2, this group is the group of automorphisms of the form (33) with k(2g − 2) + ∑ d j = 0. Since α coincides with an automorphism of the form (33) on the generic fiber, it must be equal to that automorphism.
In Corollary 6.1 it is essential to assume that α commutes with the forgetful maps. The problem of characterizing arbitrary birational maps J e 1 g,n ⇢ J e 2 g,n is harder than the problem of classifying birational maps M g,n ⇢ M g,n , and this second classification is not available, even for g and n large. 
The main result is Corollary 6.7, in which we characterize the nondegenerate φ's such that the Abel-Jacobi section extends to a well-defined morphism
Corollary 6.7 follows from the more general Proposition 6.4. That proposition describes the locus of indeterminacy of σ k, ⃗ d ∶ M g,n ⇢ J g,n (φ) as the closure of the locus of pointed curves (C, p 1 , . . . , p n ) with two smooth irreducible components meeting in least two nodes such that ω k C ⊗ O C (d 1 p 1 + . . . + d n p n ) fails to be φ (C, p 1 , . . . , p n )-stable. To prove this result, we first observe that all nondegenerate φ ∈ V d g,n that have the same projection to D g,n correspond to isomorphic moduli stacks J g,n (φ), so we can reduce to the case where ω
is stable on all curves with at most one node. The proof that the indeterminacy locus is not smaller than the one that we claimed essentially follows from the fact that there exists a unique rank 1 torsion free sheaf that extends to C g,n the restriction of ω
g,n , defined as the universal curve over M ≤1 g,n (the moduli stack of stable curves with at most one node). The problem of resolving the indeterminacy of the Abel-Jacobi sections was raised by Grushevsky-Zakharov in [GZ14] , and in Remark 6.8, we discuss how that work relates to the present paper.
In analyzing the locus of indeterminacy, the following line bundles on the universal curve play a fundamental role.
Definition 6.2. Let O(D) be the line bundle on the universal curve C g,n defined by 
where v is the first vertex of Γ(i, S) according to the convention we fixed in Section 2.3, and C − i,S is defined in Section 2.4. The line bundle O(D(φ)) is defined so that its restriction to smooth pointed curves equals the restriction of O(D), and its restriction to stable curves with at most one node is φ-stable. Stability follows from the following proposition, which describes the properties of O(D(φ)) that we will use next. Proof. The proof of the first claim follows by computing the bidegrees. The second claim follows from the fact that the line bundles O(C − i,S ) become trivial when they are restricted to curves with two smooth irreducible components and at least two nodes. 
g has no indeterminacy over the locus of automorphismfree curves. Recall from Remark 5.11 that, if φ ∈ V 0 g,n is nondegenerate and sufficiently close to φ can , there is a morphism J g,n (φ ) → P 0 g that extends the forgetful morphism on generic fibers. Depending on the choice of ⃗ d, the rational section σ ⃗ d ∶ M g,n ⇢ J g,n (φ ) may or may not have indeterminacy. We have shown, however, that we can find a second
has no indeterminacy. Thus we have resolved the indeterminacy by passing from the pullback of P g to the birational stack J g,n (φ ′ ).
6.2. Different fine compactified universal Jacobians. The goal of this section is to enumerate the isomorphism classes of fine compactified universal Jacobians J g,n (φ) and, in particular, show the existence of non-isomorphic J g,n (φ)'s. We do this exploiting the natural action of a group PR g,n (defined in Definition 6.9) on the set of stability polytopes P g,n . In Lemma 6.11 we prove that two compactified Jacobians J g,n (φ 1 ) and J g,n (φ 2 ) are isomorphic over M g,n if and only if P(φ 1 ) lies in the same orbit as P(φ 2 ). We study the property of this group action in Corollary 6.14, where we show that it fails to be transitive except in few special cases. We immediately deduce that, except for the special cases, for a given (g, n), there exists at least two J g,n (φ)'s that are not isomorphic over M g,n . This is Corollary 6.15, and in Corollary 6.16, we prove the stronger statement that, provided M g,n is of general type, there exist J g,n (φ)'s that are not isomorphic as stacks (rather than as stacks over M g,n ). The group acting on stability polytopes is the following one.
Definition 6.9. Let PR g,n be the generalized dihedral group defined by the action L ↦ L (−1) t of t ∈ Z 2Z on PicRel g,n (Z). In other words, PR g,n is the semi-direct product
The group PR g,n acts on families of rank 1 torsion-free sheaves on families of stable pointed curves by the rule
(That F ↦ F −1 gives a well-defined map in families follows from Lemma 7.4 in Section 7). Similarly, the group PR g,n also acts on the stability space V g,n by the affine endomorphisms
The following key observation relates the two actions ψ and λ.
Lemma 6.10. Assume that F has degree d and that φ ∈ V d g,n . Then F is φ-(semi)stable if and only if ψ(L, t)(F ) is λ(L, t)(φ)-(semi)stable. In particular, when φ is nondegenerate, ψ(L, t) induces a well-defined isomorphism J g,n (φ) → J g,n (λ(φ)) that commutes with the forgetful maps to M g,n .
Proof. The claim follows immediately from Definition 4.1 and Definition 4.2.
In fact, all isomorphisms that commute with the forgetful maps are defined by Rule (38) for a suitable choice of (L, t) ∈ PR g,n , as we prove in the next lemma.
Lemma 6.11. Let φ 1 ∈ V e 1 g,n and φ 2 ∈ V e 2 g,n be nondegenerate, and assume α∶ J g,n (φ 1 ) → J g,n (φ 2 ) is a birational morphism that commutes with the forgetful maps to M g,n . Then there exists (L, t) ∈ PR g,n such that α = ψ(L, t).
Proof. By Corollary 6.1, the restriction of α to J e 1 g,n is an isomorphism given by
and t ∈ {0, 1}. The latter can be extended to a well-
g,n , the substack parameterizing curves with at most one node) by the rule ψ(L, t) as defined by Equation (38). Here we have defined
,S as defined in Section 2.4, and a i,S defined to be the componentwise approximation to the nearest integer of the restriction of
While it is a priori not clear that this ψ(L, t) extends to a morphism J g,n (φ 1 ) → J g,n (φ 2 ), the argument in the above paragraph shows that the restriction of α to J ≤1 g,n (φ 1 ) coincides with ψ(L, t). To conclude, we need to prove that α and ψ(L, t) coincide on J g,n (φ 1 ).
When n ≥ 1, consider a tautological sheaf F tau (φ 2 ) on J g,n (φ 2 ) × Mg,n C g,n (which exists by [KP16, Lemma 3.39]). The pullback via α × Id and via ψ × Id of F tau (φ 2 ) coincide on the locus
where the underlying curve has at most one node. Because the locus (40) is an open substack of J g,n (φ)× Mg,n C g,n whose complement has codimension 2, by Lemma 7.3 and Corollary 7.2 the two pullbacks must coincide everywhere. This implies that ψ(L, t) × Id can be extended to coincide with α × Id everywhere, which implies that α = ψ(L, t) on J g,n (φ 1 ).
When n = 0 apply the same argument of the above paragraph after first passing to ań etale cover U → J g (φ) such that a tautological sheaf exists on U × Mg C g . (To prove that α × Id and ψ × Id coincide, it is enough to check that the same holdsétale locally.) This concludes the proof.
Here is a corollary of Lemma 6.11 that gives a new significance to the stability polytope decomposition of D g,n (see Theorem 2 and, in particular, Equation (26)).
Corollary 6.12. Let φ 1 , φ 2 ∈ V d g,n be nondegenerate. Then there exists an isomorphism (or, equivalently, a birational morphism) J g,n (φ 1 ) → J g,n (φ 2 ) that extends the identity on J d g,n and that commutes with the forgetful maps to M g,n if and only if the projections of the stability polytopes P(φ 1 ) and P(φ 2 ) to D g,n coincide.
Proof. Combine Lemma 6.10 and Lemma 6.11.
Each affine endomorphism λ(L, t) maps stability polytopes (from Definition 5.3) to stability polytopes. Thus λ induces an action, that we will call µ, of PR g,n on the set of stability polytopes P g,n . Lemma 6.11 reduces the problem of deciding whether J g,n (φ 1 ) and J g,n (φ 2 ) admit an isomorphism over M g,n to studying when the stability polytope P(φ 1 ) lies in the same orbit of P(φ 2 ) under the µ action of PR g,n .
To study the transitivity of the action of PR g,n on P g,n , we now exhibit fundamental domains for the λ-action of PR g,n on ∐ d∈Z V d g,n . A fundamental domain U is a subset of ∐ d∈Z V d g,n that contains at least one point of each orbit of PR g,n , and no two points in the interior of U are equivalent. To state our result, we identify V 0 g,n with C g,n ⊕ D g,n by means of Corollary 3.6. Lemma 6.13. A fundamental domain for the action of PicRel g,n (Z) by the restriction of λ on ∐ d∈Z V d g,n is given by (1) any hypercube in C g,n of edge length 1 when g = 0; (2) the product of any hypercube in C g,n of edge length 1 with ∐
2) = 1} when g ≥ 2 and n = 0; (3) the product of any hypercube in C g,n of edge length 1 and of any hypercube in D g,n of edge length 2g − 2 + δ 1,g when g, n ≥ 1.
In the proof we will use the free generators of the relative Picard group given in Fact 1.
Proof.
A fundamental domain for the subgroup W g,n is given by the product of any hypercube in C g,n of edge length 1 with ∐ d∈Z D When n ≥ 1 we are left to study the action of the free rank n − δ 1,g abelian group generated by the sections (that are distinct from Σ 1 when g = 1). If Σ is any such section, translation by deg(Σ) identifies D x 1+δ 1,g , . . . , x n ) ∈ D (0) g,n with (x 1+δ 1,g , . . . , x j + (2g − 2 + δ 1,g ), . . . , x n ). This concludes the proof.
The orbits of the µ-action of PR g,n on P g,n can be read off from the action of Z 2Z = PR g,n PicRel g,n (Z) on the collection of polytopes in the fundamental domains that we exhibited in Lemma 6.13.
Corollary 6.14. The action µ of PR g,n on the set P g,n of stability polytopes
(1) has finitely many orbits; (2) is free if and only if g, n ≥ 2, or g = 1 and n ≥ 3; (3) is transitive if and only if g = 0, or (g, n) belongs to (41) {(1, 1), (1, 2), (1, 3), (2, 0), (2, 1), (3, 0), (4, 0)}.
Proof. We apply Lemma 6.13 choosing the product of hypercubes to equal the union of (closed) polytopes (that this can be done follows from the equations of the stability hyperplanes of Theorem 2). This reduces our claims to studying the action of Z 2Z on the set of polytopes in this fundamental domain. All three claims follow then from the explicit description of the stability walls given in Theorem 2.
Here is the main result of this section.
Corollary 6.15. For fixed (g, n), there exist finitely many isomorphism classes over M g,n of J g,n (φ) for all d ∈ Z and all nondegenerate φ ∈ V d g,n . When g > 0 and (g, n) is not one of the values in (41), there exist nondegenerate φ 1 ∈ V e 1 g,n and φ 2 ∈ V e 2 g,n such that J g,n (φ 1 ) is not isomorphic to J g,n (φ 2 ) over M g,n .
Proof. By Lemma 6.10 and Lemma 6.11, an isomorphism over M g,n exists if and only P(φ 1 ) and P(φ 2 ) belong to the same orbit of the µ-action of PR g,n on P g,n . The first claim then follows from the first part of Corollary 6.14, and the second claim follows from the third part of the same Corollary.
When the coarse moduli scheme M g,n is a variety of general type, we can deduce that two φ-compactified universal Jacobans J g,n (φ 1 ) and J g,n (φ 2 ) as in Corollary 6.15 are in fact non-isomorphic as Deligne-Mumford stacks (and not just over M g,n ). To prove this, we will employ the following lemma, in which we exploit the birational uniqueness of the Iitaka fibration, arguing similarly to [BFV12, Theorem 7.3].
Lemma 6.16. If the Kodaira dimension κ(M g,n ) equals 3g − 3 + n, any isomorphism J g,n (φ 1 ) → J g,n (φ 2 ) commutes with the forgetful map to M g,n up to an automorphism that permutes the marked points.
Appendix: Properties of reflexive sheaves
Here we collect some results about reflexive sheaves that we use in Section 6. The conditions G n , R n , and S n we discuss are taken from [Har94] Lemma 7.1. Let f ∶ X → S be a family of curves over a regular Deligne-Mumford stack S and F a family of torsion-free sheaves on X . If X satisfies conditions G 1 and S 2 , then F is reflexive.
Proof. By [Har94, Theorem 1.9], it is enough to show that F satisfies S 2 . In other words, we need to show that if x ∈ X , then depth F x ≥ min(2, dim O X ,x ). Given x, set s ∶= f (x). By hypothesis, O S,s is regular so its maximal ideal m s is generated by a regular sequence a 1 , . . . , a d of length d ∶= dim O S,s . The images f * (a 1 ), . . . , f * (a d ) ∈ O X,x are regular on F x by flatness, and the quotient module F x f * (a 1 ) ⋅ F x + . . . + f * (a d ) ⋅ F x is torsion-free by hypothesis. Pick an element b ∈ O X,x that acts as a nonzero divisor on this quotient module. Then f * (a 1 ), . . . , f * (a d ), b is a F x -regular sequence, so depth
Corollary 7.2. With the hypothesis of Lemma 7.1, if G is a second family of rank 1 torsion-free sheaves on X and Y ⊂ X is a closed substack of codimension ≥ 2 such that F X −Y is isomorphic to G X −Y , then F is isomorphic to G.
Proof. This is a special case of [Har94, Theorem 1.12]. (The result is stated for schemes, and we deduce the statement for stacks by passing to anétale cover.) Lemma 7.3. For any nondegenerate φ ∈ V d g,n , the fiber product J g,n (φ) × Mg,n C g,n satisfies G 1 and S 2 .
Proof. We will prove the stronger result that the fiber product is Cohen-Macaulay and satisfies R 1 . Certainly J (φ)× Mg,n C g,n is regular at every pair consisting of a line bundle and a point that is not a node (since J g,n (φ) → M g,n is smooth at a line bundle and C g,n → M g,n is smooth at a point that is not a node). The locus of such pairs has codimension 1, so we conclude that the fiber product satisfies R 1 .
To complete the proof, observe that the deformation theory argument in [KP16, Lemma 3.33] shows the completed local ring of the fiber product is a power series ring over a ring that is the completed tensor product of rings of the form k[[x, y, u, v]] xy −uv or k [[t] ]. In particular, the completed local ring is a power series ring over a complete intersection ring and hence is Cohen-Macaulay, i.e. satisfies S d for all d.
Finally we show that, on a nodal curve, the rule sending a rank 1 torsion-free sheaf F to its dual F ∨ commutes with base change and hence defines a isomorphism J g,n (φ) → J g,n (−φ).
Lemma 7.4. Let F be a family of rank 1 torsion-free sheaves on a family C → S of nodal curves. Then the formulation of the dual F ∨ ∶= Hom(F, O C ) commutes with base change. In other words, if T → S is a k-morphism, then the natural map
∨ is an isomorphism.
Proof. By [AK80, Theorem 1.10], it is enough to show that Ext 1 (I s , O Xs ) vanishes for every point s ∈ S, and because X s is Gorenstein, vanishing is a special case of [Har94, Proposition 6.1].
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